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Linear stability analysis has been widely used in order to describe the evolution of the dominant necking
pattern in different conﬁgurations. Effects of hardening, strain rate and temperature sensitivity, and
effects of conﬁguration geometry and loading, have been established by this mean. However, experimen-
tal and numerical observations have demonstrated that a whole distribution of spacing between necks is
obtained instead of a unique dominant pattern. In this work, an extension of the classical linear stability
analysis applied to the dynamic extension of a round bar case has been developed to take into account the
contribution of all perturbation modes on the preliminary evolution of pre-necks. This approach, corre-
sponding physically to the case of thin ring expansion, is able to determine a distribution of pre-neck
spacing. This distribution, starting from the initial perturbation pattern, evolves with time so that it is
ﬁnally centered around a dominant distance determined by the linear stability approach.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
The fragmentation of structures subject to dynamic conditions
is a matter of interest in many applications concerning aerospace,
automotive or Defence domains. A large number of studies were
performed in the 40–60’s to understand the explosion of bombs,
warheads or casings (see for example Mott (1947)). Apart from
Defence institutions which are still interested in a precise charac-
terization of armament fragmentation, civil industries are also
focusing on the hazardous effects of structure fragmentation. An
example dedicated to the explosion of an acetylene gas cylinder,
occurred in Sydney in 1993, can be seen in Price (2006).
Many documented experimental works have been conducted to
investigate the fragmentation process on structures such as cylin-
ders, rings, spheres and hemispherical shells, subject to explosive
or electromagnetic loadings. The expansion and fragmentation of
explosively driven structures have been, for example, investigated
by Taylor (1963), Olive et al. (1979), Hoggatt and Recht (1968), Fyfe
and Rajendran (1980) and Mock and Holt (1983) and recently by
Hiroe et al. (2008) and Goto et al. (2008) for cylinders, byHoggatt and Recht (1969), Goubot (1994) and Llorca and
Juanicotena (1997) for rings and by Slate et al. (1967),
Juanicotena (1998) and Mercier et al. (2010) for spherical and
hemispherical shells. Electromagnetic loading is a second route
to expand tubes and rings, see Niordson (1965), Wesenberg and
Sagartz (1977), Grady and Benson (1983), Altynova et al. (1996),
Grady and Olsen (2003) and Zhang and Ravi-Chandar (2006). Frag-
mentation of shaped charge jets has also been investigated inten-
sively, see for example Karpp and Simon (1976), Chou et al.
(1977) and Petit et al. (2005). From those experiments, information
can be obtained on the fragment size distribution, the strain to
necking or to failure, the number of necks or the onset time of
instability or failure.
Numerous theoretical contributions were proposed to explain
the fragmentation process or the development of instabilities
observed in experiments. Some predictions of the distribution of
fragment size are based on the work of Mott (1947) who developed
a probabilistic theory associated to the concept of release wave
originating at a fracture point. Revisiting this work, Grady (1981)
has been able to retrieve the fragment distribution observed by
Wesenberg and Sagartz (1977).
From experimental observations on expansion of rings (Zhang
and Ravi-Chandar (2006)), the fragmentation can be viewed as a
three stage process. First, the structure expands in a homogeneous
way. In a second step, a multiple necking pattern occurs. Thirdly,
some of the necks develop and cause failure, some of the necks
are arrested. Therefore, predictions of the onset time for multiple
Fig. 1. Schematic representation of the cylindrical bar, of initial length 2L0 and of
initial radius R0. Velocities V0 are applied to the extremities Z ¼ L0. The lateral
surface R ¼ R0 is traction free.
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a clear view of the entire process, from homogeneous deformation
to fracture. Stability and bifurcation analyses are widely used to
tackle this problem. After Considère (1885), important develop-
ments were proposed by Hill and Hutchinson (1975) with a bifur-
cation analysis of a rectangular plate subject to plane strain
traction for rate independent materials and by Hutchinson and
Neale (1977) for rate dependent materials. These two fundamental
works were done for quasi-static loadings. Later, Fressengeas and
Molinari (1985, 1994) have extended Hutchinson and Neale
(1977) contribution by incorporating inertia and the multidimen-
sionality of the ﬂow. They have shown that the interplay between
inertia and effect of multidimensional ﬂow and rate sensitivity
leads to the selection of a dominant mode of perturbation with a
deﬁned wavelength. One can also mention the work of Shenoy
and Freund (1999) who revisited previous results (Sorensen and
Freund, 1998) by proposing an elegant formalism for the stability
analysis of a plate. Mercier and Molinari (2003) used later this
method to extend the works of Fressengeas and Molinari (1994)
and Jeanclaude and Fressengeas (1997) and proposed a synthesis
of the dynamic extension of plate and cylinder for rate indepen-
dent and rate dependent materials. Mercier and Molinari (2004)
analyzed the stability of the tube expansion. They observed that
the curvature of the tube or ring may affect the necking pattern
by changing the necking spacing. This effect may become signiﬁ-
cant when increasing the ratio thickness/mean radius. Neverthe-
less, when the tube is thin, a plate theory (neglecting the
curvature) provides identical results. With linear stability analysis,
effects of parameters like mass density, strain rate sensitivity,
strain hardening and temperature softening coefﬁcients or aspect
ratio of the structure can be investigated, providing trends in
agreement with experiments. Nevertheless, the main difﬁculty
with stability analysis is the predictive capability in terms of time
at onset of multiple necking. For example, Guduru et al. (2006)
(and Dudzinski and Molinari (1991) in the quasi-static case) have
proposed to deﬁne a criterion based on a critical value Nc of the
ratio between the growth rate of the selected perturbation and
the nominal strain rate of the background solution. With Nc around
14, the experimental results of Grady and Benson (1983) on Copper
and Aluminum are retrieved. More recently, Jouve (2010) has
adopted the same criterion for the analysis of cylinder expansions
performed by Olive et al. (1979) on steel. With Nc ¼ 10, the num-
ber of necks and the time at onset of multiple necking agree with
the data of Olive et al. (1979). In addition, Jouve (2010) analyzed
by numerical simulations, the extension of a plate where the per-
turbation adopted in the linear stability analysis is superimposed
to the nominal geometry. He observed that the growth rates of
the perturbation predicted by the linear stability analysis and the
ﬁnite element calculations are consistent.
To understand the fragmentation process, numerous authors
have made use of numerical simulations. Johnson (1981) simulated
the fragmentation of an expanding ring using a one dimensional
ﬁnite difference code. A Poisson distribution of porosity is introduced
to trigger the instability process. He observed that the fragment size
distribution depends on the initial porosity. Later, Han and Tvergaard
(1995) proposed an interesting 2D numerical study for ring expan-
sion. They introduced sinusoidal variation of the cross-section to ini-
tiate the process of multiple necking. They found that the number of
necks in the ring is not linked to the initial perturbation introduced in
the calculations when its magnitude is small. The amplitude of the
imperfection accelerates the onset of necking. Works of Sorensen
and Freund (2000) andRodríguez-Martínez et al. (2013) onunimodal
initial perturbations can also be mentioned. Many other simulations
of expanding rings or cylinders have been performed in the recent
years. To trigger instability, random geometrical or material imper-
fections can be introduced, see for instance Guduru and Freund(2002), Becker (2002), Zhou et al. (2006a), Zhang and Ravi-Chandar
(2008), Petit (2010) and Hopson et al. (2011). For other authors,
the numerical round-off can trigger the fragmentation, see Pandolﬁ
et al. (1999), Becker (2002), Rusinek and Zaera (2007) and
Meulbroek et al. (2008). In all thoseworks, the fragment size is highly
heterogeneous. The number of fragments at the end of the deforma-
tion is consistent with experiments. It can be noted as well that
Putelat and Triantafyllidis (2014) have used similar numerical simu-
lations to understand dynamic buckling of rings subjected to exter-
nal hydrostatic pressure pulses and compared the results to a
linear stability analysis.
In the present paper, we propose to analyze the dynamic traction
of a round bar with initial geometrical defects. The cross-section of
the bar is thus non-uniformwith a bar proﬁle along the longitudinal
axis made of a succession of peaks and valleys. How this proﬁle
evolves with plastic deformation is the scope of the paper. It should
be noted that the initial defects are assumed to be very small and
will be treated as inﬁnitesimal perturbation with respect to an
otherwise uniform background bar cross-section. The conﬁguration
of the present paper is representative of expansion of rings with an
initial surface roughness when the mean ring-radius is large com-
pared to the dimensions of the cross-section. The evolution of per-
turbations is considered in the framework of a linearized
perturbationmethod (linear stability analysis) for thermo-viscoplas-
tic materials. The growth rate of each perturbation mode is obtained
as an outcome of the model. This analysis can provide the dominant
mode of instability but also gives information concerning the growth
of all perturbationmodeswhich lead to the deﬁnition of the instabil-
ity pattern. A probability density function based on the power spec-
trum of the cross-section proﬁle demonstrates its ability to
reproduce the distributions of pre-neck spacing as compared to
threshold-based histograms. A deﬁnition of pre-neck will be given
later. Finally, it is assumed that the surface patterning, obtained at
early times from the present analysis, provides the potential sites
where necking could be triggered at later stages of deformation.
Previous perturbation analyses have emphasized the emer-
gence of a dominant instability mode from which a characteristic
neck spacing was deﬁned. The main outcome of the present anal-
ysis is to propose a statistical framework providing information
on the distribution of pre-neck spacing. Such information appears
to be much richer than those provided by previous works based on
a single dominant instability mode.
2. Linear stability analysis model
2.1. Cylindrical bar
A cylindrical bar, of initial length 2L0 and radius R0 is subjected
to uniform velocity Vz ¼ V0, applied at the extremities Z ¼ L0,
see Fig. 1. Tangential stresses at these extremities are zero. The
Lagrangian coordinates of a material point in the round bar are
noted (R; h; Z) in the cylindrical coordinate system associated to
S. El Maï et al. / International Journal of Solids and Structures 51 (2014) 3491–3507 3493the frame (er; eh; ez). At time t, the current position of a particle is
given by:
r ¼ rðR; Z; tÞ z ¼ zðR; Z; tÞ ð1Þ
Let us note x0, v0, c0, T0, r0 and T0 the position, velocity, accel-
eration, temperature, Cauchy stress and nominal stress tensors
corresponding to the homogeneous stretching of the bar. Those
ﬁelds, deﬁning the background solution, can be found elsewhere,
see for instance Jeanclaude and Fressengeas (1997) or Mercier
and Molinari (2003).
The material is incompressible and has a thermoviscoplastic
behavior. Elastic deformations are neglected. The ﬂow stress, re,
is modeled in a general form by:
re ¼ reðe;de; TÞ ð2Þ
where re ¼ 3=2s : sð Þ1=2 is the von Mises effective stress and s the
deviator of the Cauchy stress tensor. de ¼ 2=3D : Dð Þ1=2 is the von
Mises effective strain rate, D the viscoplastic strain rate tensor,
e ¼
R
de dt, and T is the absolute temperature. The viscoplastic ﬂow
is described by a J2 ﬂow theory so the deviator of the Cauchy stress
tensor s is related to D by:
s ¼ 2
3
re
de
D ð3Þ
In the present work, a modiﬁed Zerilli–Armstrong law, Eq. (13), will
be considered.
The main step of the linear perturbation analysis is recalled in
the following. For more information, one may refer to Shenoy
and Freund (1999), or Mercier and Molinari (2003). An axisymmet-
ric perturbation in position is added to the background solution:
dxrðR; Z; tÞ; dxzðR; Z; tÞ. To satisfy the incompressibility condition, a
stream function UðR; Z; tÞ is introduced such that:
dxr ¼
ﬃﬃﬃﬃ
0
p
R
@U
@Z
dxz ¼  1R0
@U
@R
ð4Þ
with
0 ¼ 1
1þ V0 tL0
From Eq. (4), the perturbations in velocity dv, acceleration dc, tem-
perature dT , deformation gradient dF, velocity gradient dL and strain
rate tensor dD can be obtained. The disturbance of the nominal
stress, deﬁned by dT ¼ F0 þ dF
 1
 r0 þ dr  F01  r0, becomes
for axisymmetric loading:
dTrr ¼ 1ﬃﬃﬃﬃ
0
p dsrrdpþ p
Iﬃﬃﬃﬃ
0
p dxr;R
 
dTrz ¼ 1ﬃﬃﬃﬃ
0
p dsrz0ðr0e pI
 
dxr;ZÞ
dThh ¼ 1ﬃﬃﬃﬃ
0
p dshhdpþ p
Iﬃﬃﬃﬃ
0
p dxr
R
 
dTzr ¼ 0 dsrzþ p
Iﬃﬃﬃﬃ
0
p dxz;R
 
dTzz ¼ 0ðdszzdp0ðr0e pIÞdxz;ZÞ
ð5Þ
where pI is the inertial pressure due to lateral deformation. From
Mercier and Molinari (2003), pI is given by:
pI ¼ 3
8
V0
L0
 2
q03 R20  R2
 
ð6Þ
Besides, for the particular axisymmetric problem, the perturbed
deviatoric stress ds is given by:dsrr ¼ 23
r0e
d0e
dDrr 
eM  1
2
dDzz
 !
dshh ¼ 23
r0e
d0e
dDhh 
eM  1
2
dDzz
 !
dszz ¼ 2
eM
3
r0e
d0e
dDzz dsij ¼ 23
r0e
d0e
dDij i– j
ð7Þ
with eM deﬁned by the relationship:
eM ¼ ~mþ d0e ~ng0e þ ~q
eC
T0
( )
Note that d0e , 
0
e and T
0 refer to the background effective strain rate,
effective strain and temperature. g is the rate of growth of the per-
turbation, which will be deﬁned later in Eq. (11). The strain rate
sensitivity ~m, strain hardening ~n and thermal softening ~q are
obtained from the ﬂow stress expression (2) by:
~m ¼ d
0
e
r0e
@re
@de
~n ¼ 
0
e
r0e
@re
@e
~q ¼ T
0
r0e
@re
@T
ð8Þ
The coefﬁcient eC links the increment of temperature dT and the
increment of equivalent plastic strain rate dde:
dT ¼ eCdde with eC ¼ br0ed0e
qcpg b~qr
0
e d
0
e
T0
~mþ 1
d0e
þ ~n
g0e
( )
ð9Þ
where q is the mass density, cp the heat capacity, b the Taylor–
Quinney factor. To derive the above relationship (9), the heat equa-
tion under adiabatic conditions has been used.
By considering perturbation of the momentum equation, a
fourth order partial differential equation is obtained which governs
the evolution of U:
r0e
3d0e
3 eM  1  _U;ZZRR  _U;ZZRR
 !
þ 03 _U;ZZZZ
 
þ 1
03
3
_U;R
R3
þ 3
_U;RR
R2
 2
_U;RRR
R
þ _U;RRRR
 !!
¼ q 0 €U;ZZ  1
02
€U;R
R
 €U;RR
 !
 V0
L0
02 _U;ZZ þ 20
_U;R
R
 _U;RR
 ! !( )
ð10Þ
In the present paper, the dynamic extension of a cylindrical bar is
considered, and therefore U is searched as in Jeanclaude and
Fressengeas (1997):
UðR; Z; tÞ ¼ ARegt sinðkZÞI1ðhRÞ ð11Þ
where I1 is the modiﬁed Bessel function of the ﬁrst order. A frozen
coefﬁcient theory is adopted so that the time dependence of U is
described by the term egt with g being considered as time indepen-
dent. In addition, it is assumed that the radial wavenumber h is not
varying strongly during deformation. As a consequence,
UðR; Z; tÞ
zﬄﬄﬄﬄﬄ}|ﬄﬄﬄﬄﬄ{
¼ gUðR; Z; tÞ.
The boundary conditions valid at the extremities of the bar
(dvzðR;L0; tÞ ¼ 0 and dTzrðR;L0; tÞ ¼ 0) are satisﬁed when
k ¼ p pLo. The two other boundary conditions (dTrz ¼ 0 and
dTrr ¼ 0) at the outer radius (R ¼ R0), can be expressed in terms
of the stream function U:
_U;ZZ þ 1
03
_U;R
R
 _U;RR
 !
 3d0eU;ZZ ¼ 0 ð12aÞ
Fig. 2. Evolution of the variables g=d0e and
R t
0 gdt for a loading velocity of
V0 ¼ 900 m=s. The reference length of the bar is 2L0 ¼ 128:8 mm, the section is
S0 ¼ pR20 ¼ 1 mm2. The material is thermo-viscoplastic with a behavior described
by the modiﬁed Zerrilli–Armstrong law (13). Material parameters are given in
Table 1.
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3
r0e
d0e
3
eM0
2
_U;ZZR
R
þ 0
_U;ZZ
R2

_U;R
202R3
þ
_U;RR
202R2

_U;RRR
202R
 !
 3
4
V0
L0
 2
 q04U;ZZ þ q 2V0L0
_U;R
R
þ
€U;R
R0
 !
¼ 0 ð12bÞ
The growth rate g of the perturbations is obtained at each time t
and for any wavenumber k by combining Eqs. (10)–(12).
2.2. Conﬁguration and copper behavior
In this paper, a copper bar of length 2L0 ¼ 128:805 mm and cir-
cular cross-section S0 ¼ pR20 ¼ 1 mm2 is assumed to be subjected
to a tensile stretching at a constant velocity. In the following
calculations, V0 ¼ 900 m=s has been chosen for the loading veloc-
ity. Copper behavior is modeled with a modiﬁed Zerilli and
Armstrong (1987) law, proposed by Petit and Dequiedt (2006).
re ¼ Gðp; TÞGðp ¼ 0 Pa;T ¼ 300 KÞ r0 þ r2ðeÞ þ r3ðe;de; TÞð Þ ð13Þ
where
r2ðeÞ ¼ C5nra 1 exp 
e
ra
 
 n
r3ðe; de; TÞ ¼ 12rth 1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 4CdTde
rth
s0@ 1A
rth ¼ B0mr 1 exp 
e
r
 
 p
exp a0 þ a1 logdeð ÞTð Þ
r ¼ r0expðða0 þ a1 logdeÞTÞ

  1
m1
ð14Þ
The proposed law takes into account the saturation of hardening
with plastic strain in both the athermal and thermally activated
parts of the ﬂow stress (respectively in r2 and r3 contributions).
The viscous drag effect is also integrated for high strain rates (see
the role of Cd parameter in r3) but will be disregarded in applica-
tions considered in the present paper.
In this set of equations, C5, ra and n are respectively the refer-
ence stress, the saturation strain and the hardening exponent for
the athermal stress r2. B0, r0, m and p are respectively the refer-
ence stress, the saturation strain and the hardening exponents
for the thermally activated stress r3. a0 and a1 are thermal activa-
tion coefﬁcients. Gðp; TÞ corresponds to the shear modulus which is
related to pressure p ¼  trr3
 
and temperature. The shear modulus
Gðp; TÞ is taken from the work of Preston and Wallace (1992) and is
deﬁned by the relation:
Gðp; TÞ ¼ G0 þ pap
 
1 a T
TmðqÞ
 
ð15Þ
where q; Tm and a are respectively the mass density, the melting
temperature and a positive thermal coefﬁcient. ap characterizes
the pressure dependency of G. It has to be noted that
G0 ¼ Gðp ¼ 0 Pa, T ¼ 0 KÞ. Usually, in numerical simulations, the
shear modulus is function of pressure, temperature and meltingTable 1
Parameters of the modiﬁed Zerilli–Armstrong law of Petit and Dequiedt (2006) for copper
Gð0 Pa;300 KÞ ½MPa Gð0 Pa;0 KÞ ½MPa a
4:77 104 5 104 0.45592
Tmðq0Þ ½K r0 ½MPa C5 ½MPa
1667 59.24 163.45
m p a0 ½105 K1
0.98715 0.69507 3.2temperature. In the present paper, the melting temperature is
assumed constant (Tm ¼ Tmðq0Þ ¼ 1667 K) and the pressure depen-
dency of G is disregarded. All material parameters identiﬁed by Petit
and Dequiedt (2006) for copper are given in Table 1.2.3. Dominant perturbation mode
The evolution of the normalized growth rate g=d0e is presented
in Fig. 2(a) in terms of the wavenumber k for different times t in
the range ½45;85ls. It is observed that the interplay between iner-
tia, which damps the modes of small wavenumber, and multidi-
mensional aspects of the ﬂow, which damps the modes of large
wavenumber, leads to the selection of a particular wavenumber
associated with the maximum growth rate. It is well reported in
the literature that the selected dominant wavenumber is varying
with time. As time increases, the value of the selected wavenumber.
q0½kg m3 cp ½J kg1 K1 b
8930 383 1.
ra n B0 ½MPa
0.61759 0.7794 1232.1
a1 ½106 K1 r0 Cd
1.6647 1.0103 0.0
Fig. 3. Evolution of the dominant mode during the loading. Two instability indexes
g=d0e and
R t
0 gdt are considered. Conﬁguration of Fig. 2 is adopted.
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ear stability analysis. Some authors, such as Guduru et al. (2006) or
Jouve (2010), proposed to deﬁne an ad hoc criterion based on a
critical value of the relative growth rate g=d0e to determine the
number of necks which occurs during expansion of thin rings. With
this approach, one may consider that the necking pattern is scaled
by the perturbation mode presenting ﬁrst a value of growth rate
which overcomes the ad hoc criterion. This leads to an instanta-
neous deﬁnition of multiple necking pattern, i.e. based on the val-
ues of the rate of growth gðk; tÞ at a given time, without referring to
the history of g.
On the other side, since the growth rate evolves with time as
well as the ‘‘selected wavenumber’’, multiple necking can be imag-
ined to be triggered by some particular wavenumber perturbation
for which the amplitude has sufﬁciently evolved during the exper-
iments. As a consequence, an alternative proposition is to follow
the history of the growth rate g. By time integration of g, one could
deﬁne some new index which is history related. Fig. 2(b) presents
the evolution of the new instability index I ¼ R t0 gdt. Note that this
instability index has been proposed at least by Fressengeas and
Molinari (1994) and Petit et al. (2005). The shape of the curve I ver-
sus the wavenumber k is presented in Fig. 2(b). At each time of the
deformation process, the maximum of the curve is reached for a
different wavenumber. By comparing Fig. 2(a) and (b), it is clearly
seen that at a given time, the value of the selected wavenumber
based on Fig. 2(a) is larger than the one based on Fig. 2(b). Thus,
for a given time, the number of necks predicted by considering
the evolution of the instability index I is lower than the neck num-
ber deﬁned from the maximum of the curve g=d0e , see Fig. 3.
Both criteria have already been considered in the literature to
describe experimental results; i.e. a criterion based on a critical
value of the growth rate for the expansion of thin rings in
Guduru and Freund (2002) and the fragmentation of tube in
Jouve (2010) and an instability index for the break up of shaped
charge jet in Petit et al. (2005). It will be shown in the next section,
that the instability index which integrates the evolution of the
growth rate during the deformation is clearly more adequate to
analyze the evolution of a surface perturbation.3. Distributions of instability modes
In the previous section, the classical linear stability analysis has
been presented. Its basic outcome is a spectral decomposition of
the perturbation growth rate. By using a criterion such as those
presented previously, the dominant mode of instability is deﬁned
and is supposed to give a representative number of necks in the
considered round bar. In this section, we propose to show that
the spectral decomposition approach given by this linear stabilityanalysis can provide complementary information. After presenta-
tion of the mathematical development of the model, the limitation
of the theory and the corresponding range of validity is discussed.
Finally, speciﬁc conﬁgurations are selected to illustrate the compe-
tition between initial amplitudes and evolution of perturbations.
3.1. Instability pattern
Consider a bar of length 2L0 and radius R0 at time t ¼ 0. At time
t0 P 0, a perturbation of mode kp ¼ ppL0 , deﬁned by Eqs. (4) and (11),
is added. Thus, the cross-section of the corresponding bar is vary-
ing along the Z axis. At a given time t close to t0, it can be evaluated
by:
SðZ; tÞ ¼ pðr0ðtÞ þ dxpr ðR0; Z; tÞÞ2 ð16Þ
with
dxpr ðR0; Z; tÞ ¼ kpAp
ﬃﬃﬃﬃ
0
p
I1ðhR0Þegðtt0Þ cosðkpZÞ ð17Þ
dxpr ðR0; Z; tÞ represents the perturbation of the radial position at the
bar surface (for R ¼ R0). Since the amplitude Ap of the perturbation
is considered to be small, the cross-section can be approximated by:
SðZ; tÞ ¼ pr0ðtÞ2 þ 2pr0ðtÞdxpr ðR0; Z; tÞ ð18Þ
Then the corresponding perturbed cross-section, at a time t close to
t0, becomes:
dSpðZ; tÞ ¼ 2pr0
ﬃﬃﬃﬃ
0
p
ApkpI1ðhR0Þegðtt0Þ cosðkpZÞ ð19Þ
With the relation R0 ¼ r0
ﬃﬃﬃﬃ
0
p
, one obtains the following expression:
dSpðZ; tÞ ¼ dSp0egðtt0Þ cosðkp ZÞ ð20Þ
The term dSp0 ¼ 2pR0ApkpI1ðhR0Þ represents the amplitude of the
perturbation of mode p at t ¼ t0. With the proposed deﬁnition of
the perturbation and the use of the frozen coefﬁcient theory, the
instantaneous growth rate of the perturbed cross-section is g. So
that, at time t0, we have:
dSpðZ; t0Þ
zﬄﬄﬄﬄﬄ}|ﬄﬄﬄﬄﬄ{
¼ gdSpðZ; t0Þ ð21Þ
We note that Eq. (21) remains valid at that speciﬁc time t0 (at which
the perturbation is introduced) even if one considers g as being
time dependent. To describe the time evolution of the amplitude,
it is assumed that the growth rate is calculated at any time t0 by
using the linear stability analysis. As proposed by Fressengeas and
Molinari (1994) and Petit et al. (2005), based on the differential
equation (21), the time evolution of the perturbation may be
estimated by considering the following expression:
dSpðZ; tÞ ¼ dSp0 exp
Z t
0
gðkp;~tÞd~t

 
cosðkp ZÞ ð22Þ
Nowwe analyze the stretching of a round bar of inﬁnite length with
a 2L0 periodicity subjected to an initial strain rate V0=L0. Here, we
consider a perturbation different from the one given by Eq. (17).
It is assumed that at t ¼ 0, the cross-section area of the specimen
presents a 2L0 periodic ﬂuctuation which is expressed as a Fourier
series:
dS0ðZÞ ¼
X
p
dSp0 cosðkpZ þupÞ ð23Þ
The modal phase up is an independent random number in the range
0;2p½ . The values of the amplitudes dSp0 will be speciﬁed later.
Based on a linear approximation, for each wavenumber kp, the
amplitude of the perturbation is assumed to grow independently
according to the relation (22). Thus, the current perturbation of
the cross-section is given by:
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X1
p¼1
dSp0 exp
Z t
0
gðkp;etÞdet
  cosðkpZ þupÞ ð24Þ
The proposed expression of the cross-section perturbation is a 2L0
periodic Fourier series. It may represent a linear estimation of the
evolution of the 2L0 periodic cross-section perturbations on an inﬁ-
nite bar or more physically on an expanding thin ring with a 2L0
perimeter, as already established by Fressengeas and Molinari
(1994) and Petit et al. (2005).Fig. 4. Evolution of the variable expðR t0 gdtÞ as a function of the wavenumber k.
Conﬁguration of Fig. 2 is adopted.3.2. Validity of the approach
In this paper, we consider initial axisymmetric geometrical
defects, Eq. (23). The bar-proﬁle along the longitudinal axis is
therefore made of a succession of peaks and valleys as will be seen
in Fig. 5. It should be noted, that the initial defects are assumed to
be very small and will be treated as inﬁnitesimal perturbation with
respect to the reference (non perturbed) uniform bar cross-section.
As a consequence, the amplitude term dSp0 of Eq. (23) should be
small. The evolution of each perturbation mode is given by the
framework described in the previous section based on a linearized
perturbation approach. Therefore, it is implicitly assumed that the
validity of the present model is restricted to a time interval ½0; tlim
for which perturbations remain small enough. Naturally, the time
tlim depends on the amplitude of the initial defect. Clearly, tlim
increases with smaller defect amplitude and this dependence can
be analyzed by means of numerical simulations. The reader may
refer to non linear analytical calculations (for simpliﬁed geome-
tries, see Hutchinson and Neale (1977)), or to ﬁnite element simu-
lations, see for instance Han and Tvergaard (1995) and Rodríguez-
Martínez et al. (2013). Linearized perturbation approaches have
been compared to ﬁnite element calculations in the context of
necking by Jouve (2010) and for shear localization by Zhou et al.
(2006b). Such comparison is not the purpose of the present work.
Nevertheless, we have performed in Appendix A a ﬁnite element
simulation to evaluate, for realistic geometrical defects, the time
tlim during which the linearized perturbation approach remains
valid. In this paper, we focus on the evolution of the cross-section
proﬁle during the time interval ½0; tlim and we note that for a given
limit time tlim the perturbation approach is relevant for small
enough initial defects. The aim of our analysis is to show in which
way most signiﬁcant defects are progressively appearing when
plastic deformation proceeds. In particular, we consider valleys
as being regions where the cross-section area is smaller than the
average value. Then, the evolution of valley-depths is analyzed
and it is shown how some of these valleys becomemost signiﬁcant.
These dominant valleys are of interest as being potential sites for
localized necking when deformations are further developed (i.e.
beyond time tlim). As potential sites for neck nucleation, the most
pronounced valleys will be named pre-neck in the following.
Therefore, it appears that the preliminary development of a domi-
nant geometrical patterning for t < tlim is of importance for a com-
plete analysis of localized necking. The development of localized
necking is not attempted here.3.3. Evolution of the initial surface perturbation
Fig. 4 shows the evolution of exp
R t
0 gdt
 
in terms of the wave-
number k at different times t. It is clear from this ﬁgure that as time
increases, some of the perturbations will present a larger develop-
ment. This is consistent with classical results of the linear stability
analysis considering the selection of a particular mode for pre-
necks. In fact, Fig. 4 represents an exponential view of results pre-
sented in Fig. 2(b). So, it is expected that multiple necking pattern
will be controlled by some of the perturbations that develop veryquickly not only at the considered time tlim but as a result of the
history of growth during the time interval ½0; tlim.
When the initial amplitudes dSp0 are known, Eq. (24) provides
the evolution of the ﬂuctuations of the bar cross-section until time
tlim. Fig. 5 presents the proﬁles of dSðZ; tÞ for 0 6 Z 6 L0 at t = 5.1,
42.8, 58.5 and 72.1 ls normalized by the initial standard deviation
of the perturbation rSðt ¼ 0Þ ¼ rS0 . In this ﬁgure, an identical value
of dSp0 ¼ dS^0 (independent of p) for discrete wavenumbers kp corre-
sponding to p 2 ½1;300 is adopted so that rS0 ¼ dS^0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
300=2
p 
12:25dS^0 (details on the calculation of rS0 is given further). This
particular perturbation with identical dSp0 is named a colored noise.
tlim is dependent on the choice of dS^0. The lower the value of dS^0,
the larger is tlim. Note that the average value of dSðZ; tÞ over the
length 2L0; hdSi, is null. Here, the expression hXi stands for the
average value of X along the whole length of the round bar:
hXi ¼ 12 L0
R L0
L0 XðzÞdz. The proposed representation of the cross-sec-
tion proﬁle enables to count directly the number of valleys consid-
ered as pre-necks. Indeed, a possible way to evaluate the number
of pre-necks is to deﬁne an amplitude threshold and to count
how many times the section proﬁle overcomes the deﬁned thresh-
old, giving rise to alternate valleys (here pre-necks) and peaks.
Three horizontal lines were plotted on Fig. 5 corresponding respec-
tively to the mean value hdSi, to hdSi  rS=2 and hdSi  rS. rS is the
standard deviation of the ﬂuctuation of the cross-section of the
round bar and depends on the time evolution of the section pertur-
bations. It is clear that different numbers of pre-necks will be
obtained depending on the considered threshold.
A second outcome of the cross-section proﬁle is the determina-
tion of the pre-neck spacing l. In the following, the distances are
evaluated in the reference conﬁguration. Pre-neck spacing are
deﬁned as the Lagrangian longitudinal distance between two bot-
toms of valleys that lie below a given threshold, see Fig. 6. It has
been checked that distributions of pre-neck spacing are varying
when considering different random sets of phases up. To overcome
this difﬁculty, an ensemble average of 10 drawings has been
adopted. We have validated the fact that when 10 realizations
are averaged, the main features of this distribution are precisely
captured whatever the random drawings. Histograms representing
distributions of pre-neck spacing are depicted in Fig. 7 for the three
thresholds. Histogram distributions are affected by the choice of
the amplitude threshold, in particular for short and long distances
between pre-necks. For instance, the hdSi  rS threshold gives rise
to larger distances than the two other thresholds. However, on
Fig. 7, it can be seen that the maximum probability of presence
is quite similar for all three thresholds. It is observed, for the two
later times t ¼ 58:5 and 72.1 ls (see Fig. 7(c) and (d)), that the
pre-neck spacing which has the maximum probability of
Fig. 5. Proﬁles of the perturbation dSðZ; tÞ given by Eq. (24) at t = 5.1, 42.8, 58.5 and 72.1 ls. Conﬁguration of Fig. 2 is adopted.
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a large value of
R
gdt). This trend is consistent with Fig. 3 where it
was observed that as time was increasing, the wavenumber associ-
ated to the dominant mode (deﬁned by the maximum value of the
instability index
R
gdt) was slightly increasing, meaning that the
distance between pre-necks is becoming smaller. For earlier times,
t 6 42:8 ls, we observed that the distribution of distances betweenpre-necks is controlled by the shape of the initial perturbation.
During the deformation process, the initial perturbation will pro-
gressively evolve and at t ¼ 42:8 ls, a secondary peak starts to
develop, centered around the dominant distance observed for lar-
ger times. This progressive evolution from the initial perturbation
proﬁle to a structured proﬁle governed by the deformation process
will be also observed in the following sections.
Fig. 6. Schematic determination of distances between pre-necks with use of the threshold based criterion (hdSi  rS=2).
Fig. 7. Distributions of distance between pre-necks (in the reference conﬁguration) obtained at time (a) t ¼ 5:1 ls, (b) t ¼ 42:8 ls, (c) t ¼ 58:5 ls and (d) t ¼ 72:1 ls with
amplitude thresholds associated to the mean value hdSi ¼ 0, to the standard deviation hdSi  rS and to hdSi  rS=2. A set of 10 realizations of up values is used. Other
parameters are similar to those of Fig. 2.
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In the previous section, the distribution of pre-neck spacing was
deﬁned by adopting amplitude thresholds. It was observed that
results may be affected by the chosen value of the threshold. Next,
we propose to deﬁne the distribution of pre-neck spacing from thepower spectrum representation of the cross-section ﬂuctuation,
using outcomes of the linear stability analysis.
We assume, as in Section 3.1, that the surface perturbation is
deﬁned by Eq. (24). From Nayak (1971) and Persson et al. (2005),
the power spectrum Cðt; kÞ of the surface perturbation is given at
time t by:
Fig. 8. Comparisons between the hdSi  rS=2 threshold-based distribution and the
probability density function fL0 ðl=L0Þ deﬁned by Eq. (33) at t ¼ 72:1 ls. fL0 ðl=L0Þ is
represented in two ways: as a histogram and as a continuous line by linking the
points of coordinates flp; f L0 ðlp=L0Þg. The latter is a good approximation in general as
shown in the zoomed plot. The dominant distance is ldom=L0  0:025 at t ¼ 72:1 ls
for a colored noise. Conﬁguration of Fig. 2 is adopted.
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2
X
i>0
dS0i exp
Z t
0
gðki;etÞdet
  2dðk kiÞ ð25Þ
where dðk kiÞ represents the Dirac distribution centered at the
mode ki.
Since our aim is to describe a distribution of distance l between
pre-necks, we propose to link this distance to the perturbation
wavenumber k via the relationship k ¼ 2pl . As already mentioned,
in the present contribution, l is referred to the reference conﬁgura-
tion. With the proposed change of representation, the power
spectrum (25) may be expressed in terms of pre-neck spacing as
follows:
eCðt; l=L0Þ ¼ C t;2pl
 
¼ 1
2
X
i>0
dS0i exp
Z t
0
g
2p
li
;et det
  2dðl=L0  li=L0Þ ð26Þ
where li ¼ 2pki .
From Eqs. (25) and (26), the rms (or standard deviation) of the
cross-section ﬂuctuation rSðtÞ becomes (more details are given
by Nayak (1971)):
r2S ðtÞ ¼
Z 1
0
Cðt; kÞdk ¼
Z 1
0
eCðt; l=L0Þdðl=L0Þ
¼ 1
2
X
i>0
dS0i exp
Z t
0
gðki;etÞdet
  2 ¼X
i>0
wiðtÞ ð27Þ
where the term wiðtÞ ¼ 12 dS0i exp
R t
0 gðki;etÞdeth i 2 represents the
proportion of the variance r2S supported by the spectral component
ki, or equivalently in our approach, by the pre-neck spacing li ¼ 2pki .
Note that the variance r2S is usually bounded. For special theoretical
cases, like white noise signals, the power spectrum Cðt ¼ 0; kÞ is
constant so that r2S ¼ þ1. In that case, the range of variation of
modes k should be restricted to a ﬁnite segment ½k1; k2 instead of
the whole range ½0;þ1½. This degenerated white noise is usually
called colored noise. White noise signals can either be represented
by a continuous spectrum or by an inﬁnite discrete sum of Dirac
peaks dðk kiÞ for periodic cases.
We assume that the normalization of Eq. (26) by the variance r2S
represents a probability measure (named also probability mass
function)mL0 ðt; l=L0Þ of normalized distance l=L0 between pre-necks
in an inﬁnite round bar with 2L0 periodic perturbations. The prob-
ability measure is expressed as:
mL0 ðt; l=L0Þ ¼
eCðt; l=L0Þ
r2S
¼
X
i>0
wiðtÞ
r2S
dðl=L0  li=L0Þ ð28Þ
Therefore, the probability of ﬁnding the pre-neck spacing l within
the range ^l;~l is given by:
Pð^l < l 6 ~lÞ ¼
Z
^l=L0 ;~l=L0 
mL0ðl=L0Þ
dl
L0
ð29Þ
It is worth noticing that there is no clear physical deﬁnition of what
should be called a pre-neck. Therefore, one has to rely on some
working assumption to try to characterize distances between pre-
necks. For instance, in this paper, the pre-neck distance was ﬁrst
deﬁned (as could be done to analyze experimental results) with a
practical criterion built on amplitude thresholds. Secondly, it was
characterized based on the probability measure, Eq. (28). It remains
to show that the later working assumption provides a useful
approach to characterize pre-neck spacing.
To do so, the concept of pre-neck spacing based on the thresh-
old values has to be compared to results obtained by using the
probability measure (28). For this purpose, it is convenient toapproximate the discrete probability measure mL0 ðl=L0Þ, Eq. (28),
by a probability density function fL0 ðl=L0Þ which is amenable to
graphical representations with histograms. This density function
will be taken as piecewise constant, with value fp on the intervals
lpþ1=L0; lp=L0 (lp ¼ 2pkp ; p integer). fL0 ðl=L0Þ is an approximation of the
measure mL0 ðl=L0Þ in the sense that the following relationship:Z
^l=L0 ;~l=L0 
mL0 ðl=L0Þ
dl
L0
¼
Z
^l=L0 ;~l=L0 
fL0ðl=L0Þ
dl
L0
ð30Þ
is not truly satisﬁed for any interval ^l=L0;~l=L0 but solely for inter-
vals of the form lpþ1=L0; lp=L0 deﬁned above. This condition implies
that:
wp
r2S
¼ fp lp  lpþ1L0 ð31Þ
Considering that kpL0 ¼ pp, it follows that:
fp ¼ pðpþ 1Þ wp2r2S
ð32Þ
Thus:
fL0 ðl=L0Þ ¼
pðpþ 1Þ
2r2S
wp for l 2lpþ1; lp ð33Þ
While the probability measure mL0 implies zero probability of hav-
ing a pre-neck spacing l in the range lpþ1; lp½, it should be noted that
the probability density function fL0 does. For sufﬁciently large p,
fL0 ðl=L0Þ looks like a continuous function. Fig. 8 presents two possi-
ble representations of fL0 ðl=L0Þ (histogram or continuous curve). His-
tograms obtained based on the amplitude threshold hdSi  rS=2 are
also provided. A dominant pre-neck spacing ldom emerges from this
representation, see Fig. 8. At time t ¼ 72:1 ls; ldom=L0 is equal to
0.025. The associated dominant mode is given by
kdom ¼ 2pldom  3900 m
1 and is related to pdom ¼ kdom L0p  80. Naturally,
the present results are relevant when tlim > 72:1 ls.
Comparisons of the probability density function fL0 ðl=L0Þ to the
histograms of Fig. 7 are presented on Fig. 9. Here a colored noise
as initial perturbation is considered ﬁrst (dSp0 are independent of
p). In Fig. 9, the evolution of fL0 ðl=L0Þ is compared to distributions
provided by adopting the three amplitude thresholds, for various
times t ¼ 5:1;42:8;58:5 and 72.1 ls. For the considered colored
Fig. 9. Comparisons between the distributions of Fig. 7 and the probability density function fL0 ðl=L0Þ deﬁned by Eq. (33). Conﬁguration of Fig. 2 is adopted.
Fig. 10. Comparisons between the mean threshold-based distribution and the
probability density function fL0 ðl=L0Þ deﬁned by Eq. (33). The histogram referring to
the mean distribution is obtained by averaging the estimates of the distance
between pre-necks based on the thresholds hdSi ¼ 0, hdSi  rS=2 and hdSi  rS .
Conﬁguration of Fig. 2 is adopted.
3500 S. El Maï et al. / International Journal of Solids and Structures 51 (2014) 3491–3507noise, amplitudes dSp0 are uniform: dS
p
0 ¼ dbS0 with p in the range
[1,300]. Let us denote pmax ¼ 300 the maximum value of p. Since
the distance lp between pre-necks is linked to p via lp ¼ 2L0p , the
admissible range of variation of pre-neck spacing l which can be
obtained in our approach, with a colored noise (and the use of
the probability density function fL0 ) is
2 L0
pmax
;2L0
h i
. From Eq. (33),
the corresponding initial value (at t ¼ 0 ls) of the probability den-
sity function for the minimum distance is:
fL0
2
pmax
 
¼ pmax þ 1
2
ð34Þ
In Fig. 9(a), it is clearly seen that fL0 is deﬁned for
l
L0
larger than 2300
and its value at 2pmax, for small t (here t ¼ 5:1 ls), is close to 150.
For larger time, for instance t ¼ 42:8 ls on Fig. 9(b), a local maxi-
mum starts to develop due to the selection of particular modes by
the interplay between inertia and multidimensional effects, since
modes with intermediate wavenumbers develop faster. For
t ¼ 58:5 or 72.1 ls (see Fig. 9(c) and (d)), it is shown that the effect
of the initial perturbation disappears and the distribution of pre-
neck spacing is centered around the dominant distance
ldom=L0  0:025 at t ¼ 72:1 ls.
An improvement of distributions based on amplitude thresh-
olds can be obtained by considering the mean distribution (i.e.
Fig. 11. Relative perturbation amplitude dS
p
0
dS0
in terms of p for p0 = 5 and two values
of a : a = 0.01 and 0.05. The amplitude ratio dSpdom0 ða ¼ 0:01Þ=dSpdom0 ða ¼ 0:05Þ is
equal to 25. It is expected that such an initial difference in amplitude will have
consequences on the time evolution of the pre-neck pattern.
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the three previous amplitude thresholds). An example of a compar-
ison between the distribution density fL0 ðl=L0Þ, and the mean distri-
bution is illustrated on Fig. 10. Close results are obtained. Such an
average representation will be used in the following examples.
Since a colored noise is adopted (identical dSp0), the selection of
the dominant distance between pre-necks is only related to the
rapid growth of the amplitude of the corresponding wavenumber.
In the following, other types of perturbations will be considered
with non uniform initial amplitudes.
3.5. Extinction of particular imperfection wavelengths
In the previous example, a colored noise was superimposed to
the round bar so that the amplitude of each imperfection mode k
was identical. In the following, we propose to quantify the effects
of non homogeneous initial imperfection amplitudes.
We consider, in this section, an initial perturbation deﬁned by:
dSðZ; t ¼ 0Þ ¼
X
p
dSp0 cosðkpZ þupÞ ð35Þ
where
dSp0 ¼ dS0
sinðapðp p0ÞÞ
ap ðp p0Þ
 2
ð36ÞFig. 12. Fluctuations of the cross-section area due to an initial perturbation deﬁned by Eq
42.8, 58.5 and 72.1 ls. Other parameters are similar to those of Fig. 2.where a and p0 are parameters characterizing the initial perturba-
tion. dS0 is a reference surface perturbation amplitude, chosen small
enough.
The associated initial power spectrum is:Cðk; t ¼ 0Þ ¼ 1
2
X
p>0
dS0
sinðaL0ðkp  k0ÞÞ
aL0ðkp  k0Þ
 4dðk kpÞ ð37Þ
where k0 ¼ p0 pL0 . Fig. 11 presents the relative amplitude
dSp0
dS0
in terms of
p, as deﬁned by Eq. (36). Note that the mode kp is linked to the inte-
ger p via kp ¼ ppL0 . For the present calculations, we investigate the
case p0 ¼ 5 (k0  244 m1) and two values of a (a ¼ 0:01 and
a ¼ 0:05). From this ﬁgure, it is clear that dSp0 is maximum for
p0 ¼ 5, decreases as 1= ap ðp p0Þð Þ2 and ﬂuctuates at a frequency
scaled by a. The lower the value of a, the lower the frequency. As
a consequence, with the proposed deﬁnition of dSp0, we concentrate
on a situation where the initial perturbation is dominated by a
mode of wavenumber k0 ¼ p0 pL0 . But other perturbation modes exist
with lower initial amplitudes. From Fig. 11, it is observed for
instance that the amplitude related to pdom (see previous section
for its deﬁnition) is more important for a ¼ 0:01 than for
a ¼ 0:05. The amplitude ratio dSpdom0 ða ¼ 0:01Þ=dSpdom0 ða ¼ 0:05Þ is
equal to 25. It will be seen that such an initial difference in ampli-
tude will have consequences on the time evolution of the pre-neck
pattern. Thus the competition between the initial amplitudes of the
different modes of perturbation and their evolution via the growth
rate given by the linear stability analysis will be investigated next.
The conﬁguration of Fig. 2 is adopted (V0 ¼ 900 m=s,
L0 ¼ 64:4 mm, pR20 ¼ 1 mm2). Fig. 12 shows the time evolution of
the normalized cross-section ﬂuctuations dSðZ; tÞ=rS0 at t = 5.1,
42.8, 58.5 and 72.1 ls. p0 ¼ 5 and a ¼ 0:05 are adopted to charac-
terize the initial amplitude of the cross-section perturbation. Up to
t = 42.8 ls, the number of pre-necks is very small (related to p0).
Later, the cross-section pattern changes and more ﬂuctuations
are visible. Thus a pre-neck pattern develops with a dominant
wavelength different from the initial perturbation mode p0 for
t > 58:5 ls. This trend has already been mentioned in the litera-
ture by Han and Tvergaard (1995) or more recently by
Rodríguez-Martínez et al. (2013). These analyses were conducted
by FE simulations. Here such a similar situation is derived using
linear stability analysis.
Next, different characterizations of pre-neck spacing (thresh-
old-based mean distribution and power spectrum based probabil-
ity density function) are shown in the Figs. 13 and 14. As already
mentioned, distributions based on the three previous amplitude
thresholds are averaged so that a mean distribution is determined
and compared to the probability density fL0 .. (36) with the parameters: p0 ¼ 5 and a ¼ 0:05. Proﬁles are shown at times t = 5.1,
Fig. 13. Normalized power spectrum of the cross-section ﬂuctuation, for an initial perturbation deﬁned by Eq. (36) with p0 ¼ 5 and a ¼ 0:05, at different times (a) t ¼ 42:8 ls,
(c) t ¼ 58:5 ls and (e) t ¼ 72:1 ls. The corresponding probability density functions of pre-neck spacing at the same times (b, d, f) are also presented. The histogram referring
to the mean distribution is obtained by averaging the estimates of the pre-necking distance based on the thresholds hdSi; hdSi  rS=2 and hdSi  rS . The density function fL0 is
obtained from the normalized power spectrum displayed in (a, c, e). Conﬁguration of Fig. 2 is adopted.
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in Fig. 13. On the left, the normalized power spectrum (of the
cross-section ﬂuctuation) with respect to the wavenumber k isshown at three different times t ¼ 42:8, 58.5 and 72.1 ls. For early
times (t 6 42:8 ls), the power spectrum has signiﬁcant values for
small k, a situation inherited from the initial perturbation (with a
Fig. 14. Normalized power spectrum of the cross-section ﬂuctuation, for an initial perturbation deﬁned by Eq. (36) with p0 ¼ 5 and a ¼ 0:01, at different times (a) t ¼ 42:8 ls,
(c) t ¼ 58:5 ls and (e) t ¼ 72:1 ls. The corresponding probability density functions of pre-neck spacing at the same times (b, d, f) are also presented. The histogram referring
to the mean distribution is obtained by averaging the estimates of the pre-necking distance based on the thresholds hdSi; hdSi  rS=2 and hdSi  rS . The density function fL0 is
obtained from the normalized power spectrum displayed in (a, c, e). Conﬁguration of Fig. 2 is adopted.
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ger wavenumber will present a faster growth rate, as shown in
Fig. 4. As a consequence, the power spectrum evolves strongly withoccurrence of other modes presenting signiﬁcant growth rates. The
evolution of the probability density function fL0 ðl=L0Þ and the
histogram obtained by the threshold based mean distribution are
Fig. 15. Normalized power spectrum of the cross-section ﬂuctuation, for an initial perturbation deﬁned by Eq. (36) with p0 ¼ 250 and a ¼ 0:01, at different times (a)
t ¼ 42:8 ls, (c) t ¼ 58:5 ls and (e) t ¼ 72:1 ls. The corresponding probability density functions of pre-neck spacing at the same times (b, d, f) are also presented. The
histogram referring to the mean distribution is obtained by averaging the estimates of the pre-necking distance based on the thresholds hdSi; hdSi  rS=2 and hdSi  rS . The
density function fL0 is obtained from the normalized power spectrum displayed in (a, c, e). Conﬁguration of Fig. 2 is adopted.
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clear that the evolution of Cðt; kÞ and of the probability density
function fL0 ðl=L0Þ are interconnected. As suggested previously, forearly times, large spacing between pre-necks dominates, due to
the initial perturbation. Later, during the deformation process,
the probability of presence of smaller pre-neck spacing is
Table 2
Results of Figs. 13–15 in terms of selected pre-neck spacing at t ¼ 72:1 ls.
Fig. 8 Fig. 13 Fig. 14 Fig. 15
p0 – 5 5 250
a – 0.05 0.01 0.01
ls=L0 0.0258 0.0364 0.035 0.0213
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ls=L0 ¼ 0:0365, at t ¼ 72:1 ls, is not directly related to the selected
mode k ¼ 580:4 m1 observed for Cðt; kÞ but corresponds to
ks ¼ 2675 m1 instead. Note also that a good correlation is
observed with predictions based on amplitude thresholds which
conﬁrms this fact. Therefore, when interested by characterizing
the dominant (or selected) distance between pre-necks, it may
be better suited to use the probability density function of distances
fL0 ðl=L0Þ than the power spectrum Cðt; kÞ associated to the wave-
numbers k. Indeed, the power spectrum is expressed in terms of
perturbation wavenumbers while the probability density function
is designed to quantify the heterogeneity of pre-neck spacing. At
ﬁrst, it can be imagined that both representations may provide
similar results in terms of dominant mode or spacing. In fact,
owing to the change of variable k ¼ 2pl and the relationship (32),
the probability of presence of a given pre-neck spacing l is linked
to some terms related to the power spectrum wp2r2s but multiplied
by a pre-factor pðpþ 1Þ. The last pre-factor is responsible for the
difference between the two approaches.
The effect of the parameter a is now evaluated. Results are dis-
played in Fig. 14. As shown on Fig. 11 when the parameter a is
decreased from a ¼ 0:05 to a ¼ 0:01, the initial amplitudes dSp0 of
the perturbation are more important for all p. For instance, the
amplitude ratio dSpdom0 ða ¼ 0:01Þ=dSpdom0 ða ¼ 0:05Þ is equal to 25. As
a consequence, the instability pattern is structured more rapidly
for a ¼ 0:01 than for a ¼ 0:05 (due to the difference in initial
amplitude). It is also observed that the selected distance, at
t ¼ 72:1 ls, is almost similar (ls=L0  0:035, associated to ps ¼ 57).
Next the role of p0 is investigated. A value of p0 ¼ 250 is now
adopted with a ¼ 0:01. Similarly to Figs. 13 and 14, Fig. 15 com-
pares the threshold-based mean distribution to the probability
density fL0 ðl=L0Þ. It can be observed that the normalized power
spectrum of the cross-section ﬂuctuation and the pre-neck spacing
distribution evolve similarly so that the dominant pattern gives
rise to a selected distance ls=L0 ¼ 0:0213 at t ¼ 72:1 ls, see
Fig. 15(f). Again, both approaches (histograms and probability den-
sity fL0 ðl=L0Þ) provide similar evolutions.
Table 2 summarizes results of Figs. 13–15 in terms of selected
pre-neck spacing ls at t ¼ 72:1 ls. It is observed that when p0 is
far from pdom  80 (here p0 ¼ 250), the selected distance ls is close
to ldom  0:025 L0. On the contrary, when p0 is closer to pdom
(p0 ¼ 5 with a ¼ 0:01), the initial perturbation has a strong effect
on the ﬁnal pattern with ls signiﬁcantly different from ldom. The pro-
posed conﬁgurations illustrate clearly the competition between
initial amplitude and growth rate of each mode of the perturbation.
With the proposed results, the numerical observations of Han
and Tvergaard (1995), Sorensen and Freund (2000) and
Rodríguez-Martínez et al. (2013) could now be interpreted as fol-
lows. First, the unimodal sinusoidal perturbations introduced
numerically by these authors are not ideal (due at least to the mesh
discretization), and therefore some additional modes of perturba-
tions with very low amplitudes are inevitably existing. Secondly,
disregarding nonlinear localization (i.e. assuming we are staying
in the range of validity of the linearized perturbation approach in
the range ½0; tlim), the amplitude of each mode will grow differ-
ently, during deformation, such that a selected instability mode
is observed to emerge more or less rapidly.4. Conclusions
In this work, new outcomes of the classical linear stability
analysis have been proposed. For early times, the evolution of
instability modes can be described by taking account of the time
history of the perturbation growth rate through the index
I ¼ R gdt where g is the instantaneous perturbation growth rate.
Based on the proposed evolution law for the surface perturba-
tion, we have also introduced a time dependent probability density
function for featuring the distribution of pre-neck spacing and its
evolution with time. This density function was derived from the
power spectrum which characterizes the ﬂuctuation of the cross-
section area along the bar. The time evolution of the power spec-
trum was obtained within a linearized approach, by considering
that the growth of each individual perturbation mode is controlled
by the integrated value of the instantaneous growth rate. The con-
sistency of this approach was veriﬁed by comparison with other
deﬁnitions of the pre-neck spacing based on threshold values of
the cross-section area below which a valley associated to a pre-
neck is considered as apparent. The later deﬁnition provides a
practical way of measuring the spacing between pre-necks and
allows for analyzing experimental data, see Zhang and Ravi-
Chandar (2006).
From the present work, it can be inferred that the approach
based on the power-spectrum of the cross-section ﬂuctuation
offers a possible substitute to methods where necking is character-
ized based on a priori deﬁnitions of threshold values of the
cross-section area. In addition, the spectrum approach provides
an interesting tool to follow the evolution with time of the
pre-neck spacing distribution. It is believed that this statistical
information on pre-neck spacing could be used later on in a frag-
mentation analysis.
This approach has been applied here to different perturbation
problems. These examples have illustrated some outcomes of the
development of instabilities such as the extinction of selected ini-
tial perturbations. In this paper, a unique loading velocity has been
presented. Other velocities have been evaluated and have given
similar results.
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Appendix A. Numerical simulations with initial random
roughness
The analytical development proposed in the core of the present
paper is supposed to be valid for any time in the range ½0; tlim. To
give some indications concerning the value of tlim, numerical
simulations have been carried out. The FE conﬁguration corre-
sponds to the one depicted in Fig. 1 with V0 ¼ 900 m=s,
2L0 ¼ 128:805 mm and R0 ¼ 0:564 mm.
As in Section 3, a perturbation of the cross section is introduced
in the simulation. In our FE calculation, the external radius of the
bar is deﬁned as:
RðZ; t ¼ 0Þ ¼ R0 þ dRðZÞ ðA:1Þ
with dRðZÞ being the initial perturbation. As in Section 3.3, a colored
noise is chosen for the initial radius perturbation:
dR ¼ dR0
XN¼300
p¼1
cosðkpZ þupÞ ðA:2Þ
where up is a random number in the range ½0; 2p and kp ¼ p pL0 the
wavenumber of mode p. The associated variance is r2R ¼ dR20 N2.
Fig. A.1. Initial perturbation of the radius of the round bar. The maximum amplitude of the perturbation is 0:3 lm, corresponding to a surface roughness Ra ¼ 0:075 lm.
Fig. A.2. Evolution of the traction force during loading. Two conﬁgurations have
been tested: an unperturbed one with dR0 ¼ 0 lm and a perturbed one with
dR0 ¼ 7:67 103 lm. Conﬁguration of Fig. 2 is adopted.
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tion 3.4, tlim is clearly linked to the amplitude dR0.
In the following, dR0 is chosen such that 3rR ¼ 5 104 R0. The
initial perturbation obtained from Eq. (A.2) with the corresponding
choice dR0 ¼ 7:67 103 lm is presented in Fig. A.1.
The initial roughness Ra (average absolute roughness) of the FE
conﬁguration is evaluated. It is deﬁned over the bar length as (see
Petit et al. (2005)):
Ra ¼ 12L0
Z L0
L0
RðZ; t ¼ 0Þ  R0j jdz ðA:3Þ
For the adopted conﬁguration in the FE simulation, the initial aver-
age absolute roughness is Ra ¼ 0:075 lm. Such surface roughness
can be obtained experimentally by lapping or superﬁnishing surface
operations.
Next, the evolution of the traction force during loading at
V0 ¼ 900 m=s is presented in Fig. A.2. The unperturbed conﬁgura-
tion is considered (dR0 ¼ 0 lm). In that case, no necking is
observed up to very large strain, so the deformation remains
homogeneous. With dR0 ¼ 7:67 103 lm, it is shown that the
traction force deviates from the unperturbed conﬁguration after
t > 60 ls. Therefore, from t ¼ 27 ls (corresponding to the
maximum of the force) to 60 ls, the ﬂow is unstable but theperturbation is evolving smoothly, so that the linear stability anal-
ysis can be applied. After 60 ls, multiple necking is observed. A
strong localization occurs after 90 ls.
From the present FE calculation, with the present perturbation,
tlim is larger than 60 ls. As a consequence, results obtained with
use of the linear stability analysis are consistent.
An extensive comparison between FE calculations and linear
stability analysis will be proposed in a future work.References
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